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Abstract. We calculate the off-forward structure function of the pion within a simple
model where the size of the pion is accounted for using a momentum cut-off. Twist-two and
twist three generalized parton distributions are extracted. Relations between twist-three
and twist-two contributions are obtained, the origin of which is not kinematical as they
differ from those arising from the Wandzura-Wilczek approximation.
INTRODUCTION
Recent interest has focused on off-forward parton distributions [1] as they carry
information on correlations between parton inside hadrons. Based on the model
we built to calculate the diagonal structure functions of the pion in a gauge-
invariant, regularization-independent way [2], we have performed the calculations
of off-forward structure functions and link them to generalized parton distributions.
In this simple model, the pion field is related to the constituent quarks through
a γ5 vertex and pion size effects are introduced through a gauge-invariant cut-off
procedure, by requiring that the relative momentum squared of the quarks inside
the pion be smaller than the cut-off value.
In the following, we shall calculate the imaginary part of the off-forward scatter-
ing amplitude and link it to the structure functions that are the coefficients of the
five independent tensors in this amplitude. We shall write these structure functions
in terms of vector and axial-vector form factors [3] and link them to the generalized
parton distributions H , H3 and H˜3.
THE MODEL
The diagrams contributing to the imaginary part of the amplitude are displayed on
Fig. 1. The Lorentz invariants are t=∆2, Q2 =−q2, x=Q2/2p · q, ξ =∆ · q/2p · q.
The hadronic tensor reads
Tµν =−Pµσg
στPτνF1+
Pµσp
σpτPτν
p·q
F2+
Pµσ(pσ(∆τ−2ξpτ )+(∆σ−2ξpτ )Pτν
2p·q
F3
+Pµσ(p
σ(Deltaτ−2ξptau)−(∆σ−2ξpσ)pτ )Pτν
pp·q
F4+Pµσ(∆
σ−2ξpσ)(∆τ −2ξpτ )PτνF5. (1)
where P is the projector built on the metric tensor together with the momenta of
the ingoing and outgoing photons. The Pion Quark coupling is described by the
Lagrangian density Lint = ig(ψ~τγ5ψ).~π, where ψ stands for the quark field and ~π
for the pion field while ~τ is the isospin operator. The cut-off, which accounts for
the finite size of the pion, is imposed by requiring that the relative four-momentum
squared of the quarks inside the pion be smaller than Λ2 at one of the quark-pion
vertices of each diagram [4]. One should note that imposing these conditions leads
to a suppression of the crossed diagrams by a factor Λ2/Q2 compared with the box
diagrams [2]. In the following we keep the value of the coupling constant g to its
diagonal case value, obtained by imposing the sum rule on F1, that is imposing
that there be two valence quarks inside the pion.
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FIGURE 1. Lowest order diagrams contributing to the imaginary part of the γ⋆pi → γ⋆pi
scattering amplitude
RESULTS FOR THE STRUCTURE FUNCTIONS
Having obtained the imaginary parts of the five structure functions Fi by projection
of the amplitude on the corresponding tensors, we look for their asymptotic
behaviour at large Q2, and find relations between them at leading order. These
relations read
F2 = 2xF1+O(1/Q
2), F3 =
2xξ
ξ2−1
F1+O(1/Q
2),
F4 =
2x
ξ2−1
F1+O(1/Q
2), F5 =O(1/Q
2). (2)
Getting such simple relations, similar to the Callan-Gross relation between the
diagonal form factors, constitutes a remarkable result of our model. We shall see
that these Generalised Callan-Gross Relations will lead to relations between the
generalized parton distributions.
GENERALIZED PARTON DISTRIBUTIONS
Following the twist-three tensor analysis of Ref. [3] that links the twist-two H and
twist-three H3,H˜3 form factors to the tensorial content of Tµν , we can relate the Fi
structure functions to the form factors [4]. The imaginary parts of the form factors
yield the corresponding Generalized Parton Distributions up to a constant factor.
Normalizing the structure functions by use of the same factor, we can relate them
to the GPD’s, getting:
F1n =H, F2n = 2xH, F3n =
2x
x2− ξ2
(
H3x2+ H˜3ξx−Hξ
)
,
F4n =
2x
x2− ξ2
(
H3ξx+ H˜3x2−Hx
)
, F5n =O(1/Q
2). (3)
So that, with the help of our Generalised Callan-Gross Relations we can write
H˜3 =
(x−1)
x(ξ2−1)
H and H3 =
(x−1)ξ
x(ξ2−1)
H = ξH˜3. (4)
We compared relations (4) with the results of the Wandzura-Wilczek approxi-
mation [5] applied to our results for H , and found these to be very different.
Hence we conclude that our relations (4) are new, and do not correspond to
kinematical twist corrections but come from the dynamics of the model we use,
including its finite-size content.
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